In this paper, we consider a Pólya urn model containing balls of m different labels under a general replacement scheme, which is characterized by an m × m addition matrix of integers without constraints on the values of these m 2 integers other than non-negativity. This urn model includes some important urn models treated before. By a method based on the probability generating functions, we consider the exact joint distribution of the numbers of balls with particular labels which are drawn within n draws. As a special case, for m = 2, the univariate distribution, the probability generating function and the expected value are derived exactly. We present methods for obtaining the probability generating functions and the expected values for all n exactly, which are very simple and suitable for computation by computer algebra systems. The results presented here develop a general workable framework for the study of Pólya urn models and attract our attention to the importance of the exact analysis. Our attempts are very useful for understanding non-classical urn models. Finally, numerical examples are also given in order to illustrate the feasibility of our results.
Introduction
Urn models have been among the most popular probabilistic schemes and have received considerable attention in the literature (see Johnson et al. (1997 ), Feller (1968 ). The Pólya urn was originally applied to problems dealing with the spread of a contagious disease (see Johnson and Kotz (1977) , Marshall and Olkin (1993) ).
We describe the Pólya urn scheme briefly. From an urn containing α 1 balls labeled 1 and α 2 balls labeled 2, a ball is drawn, its label is noted and the ball is returned to the urn along with additional balls depending on the label of the ball drawn; If a ball labeled i (i = 1, 2) is drawn, a ij balls labeled j (j = 1, 2) are added. This scheme is characterized by the following 2 × 2 addition matrix of integers, a 11 a 12 a 21 a 22
; whose rows are indexed by the label selected and whose columns are indexed by the label of the ball added.
Several Pólya urn models have been studied by many authors in the various addition matrices, which generate many fruitful results. The case of the classical Pólya urn model (a 11 = a 22 , a 12 = a 21 = 0) was studied earlier and a detailed discussion can be found in Johnson and Kotz (1977) . In the case of a 11 = a 22 , a 12 = a 21 = 0, Aki and Hirano (1988) obtained the Pólya distribution of order k. In the case of a ii = c, a ij = 0 for i = j (i, j = 0, 1, . . . , m), Inoue and Aki (2000) considered the waiting time problem for the first occurrence of a pattern in the sequence obtained by an (m + 1) × (m + 1) Pólya urn scheme. In the case of a 11 = a 22 , a 12 = a 21 , Friedman (1949) obtained the moment generating function of the total number of balls with a particular label remaining in the urn after n draws; Friedman's urn can be used to model the growth of leaves in recursive trees (see also Mahmoud and Smythe (1991) ). In the case of a 11 + a 12 = a 21 + a 22 , Bagchi and Pal (1985) showed an interesting example of Pólya urn scheme applied to data structures in computer. (Gouet (1989 (Gouet ( , 1993 corrected some of the statements made by Bagchi and Pal (1985) ). In a p × p Pólya urn scheme (constant row sums allowing negative entries on the diagonal, but having several constraints on the eigenvalue structure), Smythe (1996) considered a central limit theorem.
One interest has been focused on the exact distribution of the total numbers of balls with particular labels remaining in the urn after n draws, or the exact distribution of the numbers of balls with particular labels which are drawn within n draws from the urn. Their derivation involves a combinatorial method of counting paths representing a realization of the urn development.
For a long time, most investigations have been made under the special structure of the constant addition matrix with constant row sums, which implies a steady linear growth of the urn size. The reason for the imposition of this constraint is mathematical convenience; Urn schemes where the constraint is imposed are generally much simpler to analyze than those where it was not imposed.
Recently, Kotz et al. (2000) attempted to treat a Pólya urn model containing 2 different labels according to a general replacement scheme, and pointed out that no constraint case is considerably more challenging even in 2 × 2 case. That is, the exact distribution of the number of balls with a particular label which are drawn within n draws is rather convoluted and such an exact distribution is rather unwieldy for large n for numerical computation.
Our purpose in the present paper is to develop a general workable framework for the exact distribution theory for Pólya urn models mentioned before and to emphasize the importance of the exact analysis. The approach is to solve a system of equations of conditional probability generating functions (p.g.f.'s). Then, the probability functions and moments are derived from an expansion of the solution regardless of whether or not the constraint is imposed.
In this paper, a Pólya urn model containing balls of m different labels and characterized by a general replacement scheme is considered, which include some important models treated before. We consider the exact joint distribution of the numbers of balls with particular labels which are drawn within n draws. As a special case, a univariate distribution is derived from a Pólya urn model containing balls of 2 different labels.
For the derivation of the main part of the results, we use the method based on the conditional p.g.f.'s. This method was introduced by Ebneshahrashoob and Sobel (1990) , and was developed by Hirano (1993, 1999) , Aki et al. (1996) The rest of this paper is organized in the following ways. In Section 2, a Pólya urn model containing balls of m different labels is introduced, which is characterized by the general replacement scheme. As a special case, a univariate distribution is derived from a Pólya urn model containing balls of 2 different labels. Section 3 gives two methods for the Pólya urn models. One is a recurrence for obtaining the expected values for all n. The other is a useful method for obtaining the p.g.f.'s. Here, double variable generating function and a notion of truncation parameter are introduced, which play an important role. Both methods are also very simple and suitable for computation by computer algebra systems. In Section 4, numerical examples are given in order to illustrate the feasibility of our main results.
The models
In this section, we consider a Pólya urn model characterized by an m × m addition matrix. As a special case, for m = 2, the univariate distribution, the probability generating function and the expected value are derived exactly.
The Pólya urn model containing m different labels
From an urn containing α 1 balls labeled 1, α 2 balls labeled 2, . . . , α m balls labeled m, a ball is chosen at random, its label is noted and the ball is returned to the urn along with additional balls according to the addition matrix of nonnegative integers, A = (a ij ) i, j = 1, . . . , m, whose rows are indexed by the label of the ball chosen and whose columns are indexed by the label of the ball added. Always starting with the newly constituted urn, this experiment is continued n times. Let Z 1 , Z 2 , . . . , Z n be a sequence obtained by the above scheme, which take values in a finite set B = {1, 2, . . . , m}. Let r be a positive integer such that 1 ≤ r ≤ 2 m − 1 and let B 1 , B 2 , . . . , B r be subsets of B, where B i = ∅ and B i = B j for i = j. Then, we define the numbers of balls whose labels belong to the subsets B i (i = 1, . . . , r) which are drawn within n draws by X
In the sequel, we will obtain the p.g.f. E[t
n ). Hereafter, we denote the urn composition and the total of the balls in the urn by 
of the conditional distribution of the numbers of balls whose labels belong to the subsets B i (i = 1, . . . , r) which are drawn within (n − ) draws, where t t t t t t t t = (t 1 , . . . , t r ).
we have the following system of the equations;
. . , α m ) after ( = 0, 1, . . . , n− 1) draws. Then, the p.g.f. of the conditional distribution of the numbers of balls whose labels belong to the subsets B j (j = 0, . . . , r) which are drawn within
. . , n − 1). We should consider the condition of one-step ahead from every condition. Given the condition we observe the ( + 1)-th draw. For every i = 1, . . . , m, the probability that we draw the ball
If we have the ball labeled i (i = 1, . . . , m), then the p.g.f. of the conditional distribution of the numbers of balls whose labels belong to the subsets B j (j = 0, . . . , r) which are drawn within (n − − 1) draws is
. . , n − 1). Therefore, we obtain the equations (2.1) and (2.2).
Example 2.1. Assume that B = {1, 2, 3, 4}, B 1 = {2, 4}, B 2 = {3, 4}, t t t t t t t t = (t 1 , t 2 ) and the addition matrix is equal to the 4×4 zero matrix. Suppose that we have an urn composition b b
of the conditional distribution of the numbers of balls whose labels belong to the subsets B 1 , B 2 which are drawn within (n − ) draws. Then, we have the following system of the equations;
In this example, if the labels 1, 2, 3, 4 are regarded as (0, 0), (1, 0), (0, 1), (1, 1), respectively, the equation (2.6) is the p.g.f. of joint distribution of the number of balls with the first label 1 and the number of balls with the second label 1 which are drawn within n draws. The distribution is called the bivariate binomial distribution (see Kocherlakota (1989) , Marshall and Olkin (1985) ).
The Pólya urn model containing 2 different labels
As a special case, for m = 2, we study the Pólya urn model containing 2 different labels. Assume that B = {1, 2}, 
We will solve the system of the equations (2.7), (2.8) and (2.9) under an initial urn composition b b b b b b b b 0 = (α 01 , α 02 ). First, we note that the above equation (2.7) can be written in matrix form as
Next, for = 1, we write the equation (2.8) as 
We write ψ ψ ψ ψ ψ ψ ψ ψ n−1 (t 1 ) = C 2 (t 1 )ψ ψ ψ ψ ψ ψ ψ ψ n−2 (t 1 ). For non-negative integers 1 , 2 such that
Then, the system of the equations (2.7), (2.8) and (2.9) can be written in matrix form as ψ ψ ψ ψ ψ ψ ψ ψ n− +1 (t 1 ) = C (t 1 )ψ ψ ψ ψ ψ ψ ψ ψ n− (t 1 ) ( = 1, . . . , n), and ψ ψ ψ ψ ψ ψ ψ ψ 0 (t 1 ) = 1 (n+1) = (1, 1, . . . , 1) , where, 1 (n+1) denotes the (n + 1) × 1 column vector whose components are all unity and C (t 1 ) denotes the × ( + 1) matrix whose (i, j)-th component is given by, 
where,
In a similar way, under an initial urn composition
. . , α 0m ), we can solve the system of the equations in Theorem 2.1 by virtue of their linearity and obtain the p.g.f.. However, we do not write it due to lack of space. Remark 1. In this Pólya urn model, Kotz et al. (2000) derived the exact distribution of Y n by another approach, and derived the recurrence relation for the expected value. They also reported that the expected value can be derived from the recurrence relation in a case that the constraint is imposed, whereas the expected value can not be derived from it in a case that the constraint is not imposed. Then, we present a useful recurrence for the expected values, as will be shown later.
Methods for computation
In this section, we present two methods for the exact analysis, which are very simple and suitable for computation by computer algebra systems. One is a recurrence for obtaining the expected values for all n. The other is a method for obtaining p.g.f.'s. 
The recurrences for the expected values
Proof. It is easy to check the equation (3.2). The equation (3.1) is obtained by differentiating both sides of the equation (2.1) with respect to t i (i = 1, . . . , r) and then setting t 1 = · · · = t r = 1. The proof is completed.
As a special case, for m = 2, we consider the Pólya urn model containing 2 different labels treated in Section 2.2. Then, from Theorem 3.1, we have the following Corollary 3.1. 
The double generating functions
Until now, our results are derived from the p.g.f. directly. The most of this section will be devoted to the double variable generating functions. First, we will begin by considering the Pólya urn model containing 2 different labels treated in Section 2.2. We define
Then, the equations (2.7) and (2.9) in Corollary 2.1 lead to 
Substituting (3.7) and (3.8) into the right-hand side of (3.6), we have ; u) . From the equations (3.5) and (3.6), we have 
